Abstract. Let a, b, c be relatively prime positive integers such that a 2 + b 2 = c 2 .
integer and F k = 2 2 k + 1 be a Fermat number. Recently, the first author of this paper and Yang [9] proved that if 1 ≤ k ≤ 4, then the Diophantine equation
has no positive integer solution other than (x, y, z) = (2, 2, 2). For related problems, see
( [1] , [6] , [7] ).
In this paper, we obtain the following result. Lemma 5. Let k be a positive integer and
is a solution of the Eq.(1.2) with (x, y, z) = (2, 2, 2), then x < z < y.
Proof. By Lemmas 2-4, it is sufficient to prove that the Eq.(1.2) has no solution (x, y, z) satisfying y < z < x. By Lemma 1, we may suppose that n ≥ 2 and the Eq.(1.2) has a solution (x, y, z) with y < z < x. Then we have
By (2.1) we may write n = 2 r with r ≥ 1. Noting that
we have
i be the standard prime factorization of F k−1 with p 1 < · · · < p t . By the known Fermat primes, we know that there is the possibility of t = 1. Moreover,
Noting that gcd(F
we have z 1 ≡ 0 (mod 2 k ). By (2.4) we have
Hence
which is impossible.
This completes the proof of Lemma 5.
Proof of Theorem 1
By Lemma 1 and Lemma 5, we may suppose that n ≥ 2 and the Eq.(1.2) has a solution (x, y, z) with x < z < y. Then
It is clear from (3.1) that gcd n,
i be the standard prime factorization of
By (3.1), we have
Since y ≥ 2, it follows that
. This implies that x is even. If 3 ∤ P (k, n),
Suppose that x is odd, then
Thus v ≥ 2 k and P (k, n) ≥ F k , a contradiction with
Therefore, x is even. Write x = 2 u N with 2 ∤ N. Then u ≥ 1.
Choose a ν ∈ {1, · · · , s}, let p iν = 2 r t + 1 with r ≥ 1, 2 ∤ t. Then
Noting that p iν − 1 | 2 u t, we have
Since ord p iν (2) is even and 2 ∤ t, we have z ≡ 0 (mod 2).
By (3.3) we have
Choose a µ ∈ {1, · · · , s}, let p iµ = 2 r ′ t ′ + 1 with r ′ ≥ 1, 2 ∤ t ′ . Then
Thus d ′ + r ′ < 2 k . Hence u > r ′ . By (3.2) we have
Noting that p iµ − 1 | 2 u t ′ , we have
